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Wave Effect in Gravitational Lensing
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■ Weak lensing (weak gravitational field)

˚1; ˚2 の干渉により干渉縞が作られる

干渉効果が見えるための条件は？

干渉効果を用いて重力源の構造を探る
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Temporal coherence of signal
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3.4 power spectrum
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and the inteference between the primay ray (m D 0) and the secondary rays (m � 1) results in the “beat” appears in the
power spectrum. The period of the modulation in the power spectrum is
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Figure 8: The power spectrum at the observer for r
s

D 7M . The amplitude of the modulation is independent of frequen-
cies.

4 Signal from a stochastic source

To detect wave effects in the signal from the gravitational lensing system by black hole, we discuss on the coherence of
waves.

4.1 Temporal coherence of waves

We consider the following model of the stochastic signal:
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Coherence of Waves in Gravitational Lensing
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lens obssource

Figure 11: Configuration of gravitational lensing.

Using the path difference �, the signal at the observer can be represented as
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The interference effect in the power spectrum (modulation of the spectrum) is observable when the coherent time of the
source field is shorter than the path difference. In this case, the inteference fringe in spatial domain disappears.
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● for a point mass lens
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光源のコヒーレンス時間が短くても，周波数領域（パワースペクトル）
には干渉効果が現れる

重力源（レンズ天体）の質量が推定できる
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BH重力レンズ系における干渉効果
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波の散乱問題：解析的取り扱い
レンズ方程式の導出
散乱波の評価
power spectrumに現れうるBH時空の特徴

不安定円軌道の存在（BH shadowに対応）

それに伴う干渉効果とパワースペクトルへの影響
パワースペクトルを用いてBH時空の直接検証が可能か？

BH

観測者

光源

不安定円軌道
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Wave Scattering Theory in BH Spacetimes
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massless scalarを定常問題として解く

● wave scattering problem
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Improved formula of Scattering Wave

■ Poisson sum formula
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⌅ Derivation of lens equation Using the Poisson sum formula2, and changing the integration variable to the classical
impact parameter b D �=!,
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⇥.b/ is the deflection function that coincides with the classical defection angle. This is the lens equation for the black
hole. The geometric interpretation of this equation is as follows:
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Figure 2: Configuration of the gravitational lensing.

In Fig. 2,
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This is the lens equation (10) with m D 0. For �⇥ > 2⇡ , The light ray goes around the black hole more than one times
(orbiting). In such a case, the winding number m is defined as the condition 0 < �⇥ � 2⇡m < 2⇡ is satisfied.

3 Wave scattering by black holes

3.1 S-matrix and Regge poles for wave scattering by black holes

The solution of the scattering problems is given by
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Evaluation of Scattering Wave
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By flux conservation,
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Figure 4: The imaginary part of the phase shift. `
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D 10.

The poles of the S-matrix is ⌫ D n; n D 0; 1; 2; � � � . Therefore, on the complex ` plane, 4

`
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and the residue of this pole is �
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4The quasi-normal frequency is given by
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反射係数

● primary waveの評価

�c D 3
p

3M!
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respect to n can be evaluated as7
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Therefore, the amplification factor is
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The result can be summarized as the following formula:

F ⇡ ei! Qrc Œc
1

J
0

.b
E

!✓/C c
2

J
0

.b
c

!✓/ç ; b
E

D
p
4M Qr; b

c

D 3
p
3M; (13)

jc
1

j D e⇡M! j� .1 � i2M!/j ⇡
p
2⇡M!; jc

2

j D 3
p
3⇡e�⇡

r
M 2!

Qr :

Although this formula has been derived with the assumption r
s

> r , the resulting expression is symmetric under exchange
r $ r

s

(reciprocity of the Green function). We consider the source is near the black hole and the observer is sufficiently
far from the black hole (r � r

s

). Thus Qr ⇡ r
s

. As the impact parameter for the primary ray (m D 0) must be larger than
that of m ¤ 0 rays, we must require

p
4Mr

s

> 3
p
3M ) r

s

>
27

4
M ⇠ 6:8M:

The ratio of the coefficents is
jc
2

j
jc
1

j D
3

2
p
⇡

s
6M

r
s

⇥ ⇡e�⇡ ⇡ 0:1 ⇥
⇣ r

s

7M

⌘�1=2
:

3.3 image of black holes

We can reconstruct wave optical images of black holes using (13).

Figure 7: Image of the black hole for r
s

D 10M; r D1. Viewing angles are ✓ D 0:0; 0:05; 0:07; 0:1; 0:2 from the left to
the right panels.

7We again apply the Poisson sum formula and the leading contribution is kept.

/ i! Qr⇥ CO.!�1=2/

effect of Fresnel diffraction

critical impact parameter 3
p

3M
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Figure 6: Poles of the S-matrix are located in the first quadrant of the complex � plane.

Thus the second integral in (12) becomes
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The integral along the positive imaginary axis is
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J
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e�

Q�2

2! Qr S�i Q�J0.i
Q�✓/

D O.!0/;

and yields higher order contribution in the eikonal limit because the first integral gives O.!/ contribution. The contribu-
tion of the integral along the negative imaginary axis is also O.!0/. We ignore these terms. Thus,

F ⇡ ei! Qrc
✓2
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�2

2! Qr e2iı��1=2 J
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.�✓/ � ⇡
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nD0
�
n

�
n
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�2

n
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✓/ f .�
n

/

#
;

where

f .�
n

/ ⌘ ei⇡.�n�1=2/

sin Œ⇡.�
n

� 1=2/ç :

The first integral represents the contribution of rays that reach the observer directly (primary rays m D 0). Using the
phase shift of the Coulomb scattering,6

Z 1

0

d�� ei
�2

2! Qr e�2ıI .�/e2iıR.�/ J
0

.�✓/ D
Z 1

�c

d�� ei
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2! Qr �i4M! ln�J
0

.� ✓/; �
c

D 3
p
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D 4M!2 Qr
Z 1
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dx x e
i
24M! x

2
e�i4M! lnx J

0

.
p
4M Qr ! ✓ x/; x D �=!p

4M Qr

D 4M! Qr

!

Z 1

0

dx x e
i
24M! x

2
e�i4M! lnx J

0

.
p
4M Qr ! ✓ x/CO.1=

p
!/

�
:

We neglect the contribution of O.1=
p
!/; these terms corresponds to effect of the Fresnel diffraction. The sum with

6To aquire more correct formula, we should employ the formula of the phase shift that reflects strong gravity.

クーロン散乱のphase shiftで近似 散乱角 ⇥.b/ D �4M

b

S` ⌘ e2iı`

14年10月3日金曜日
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● winding waves
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3.2 Evaluation of scattering wave

BH obs

r
✓

b
0

b
1

�⇥
m D 0
m D 1

Figure 5: Wave scattering by a black hole.

Now we evaluate the form of the amplification factor:

F ⇡ ei! Qrc
✓2

2

i! Qr

C1X

mD�1

Z 1

0

d�� ei
�2

2! Qr e2iı��1=2 J
0

.�✓/ ei2⇡m.��1=2/

D ei! Qrc
✓2

2

i! Qr

2

4
Z 1

0

d�� ei
�2

2! Qr e2iı��1=2 J
0

.�✓/C
X

m¤0

Z 1

0

d�� ei
�2

2! Qr e2iı��1=2 J
0

.�✓/ ei2⇡m.��1=2/

3

5 ; (12)

where Qr ⌘
⇣
1

r

C 1

rs

⌘�1
. The integral of the second term can be evaluated by using Cauchy’s theorem. We use the

contour shown in Fig. 2. We first show that the integral along a circle does not have any contribution.5 Introducing
y2 D �i�2=.2! Qr/,
Z 1

0

d��ei
�2

2! Qr e2iıJ
0

.�✓/ei2⇡m.��1=2/ D 1p
⇡

Z C1

�1
dke�k

2

Z 1

0

d�� exp
✓

2kei˛p
2! Qr
C i2⇡m

◆
�

�
e2iıJ

0

.�✓/e�i⇡m;

where we choose ˛ D �⇡=4 for Im.�/ > 0 and ˛ D 5⇡=4 for Im.�/ < 0 for the convergence of the integral. Then, for
the contour j�j D R!1, the integral becomes zero.

As we will show, the S-matrix S
`

⌘ e2iı` has poles in the complex � plane

S
��1=2 D

1X

nD0

�
n

� � �
n

; �
n

D 3
p
3M! C i

✓
nC 1

2

◆
; �

n

D � ie
i⇡n

p
2⇡

; n D 0; 1; 2; � � � :

5To show that the integral along the circle vanishes, we use the formula

e

�y2 D 1p
⇡

Z C1

�1
dk e

�k2C2iky
:
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By flux conservation,
jT
`

j2 C jS
`

j2 D 1:
Using the WKB approximation with the asymptotic matching [5], the S-matrix is given by

r⇤�1 C1

1

S.!/
T .!/

Figure 3: The effective potential around the unstable circular orbit. The quasi-normal mode satisfies T .!/ D S.!/ D1.

S
`

D ei⇡⌫p
2⇡
R2� .�⌫/; R2 D

✓
⌫ C 1

2

◆
⌫C1=2

e�.⌫C1=2/;

where
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:

Thus,
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`

j2 D e�2ıI D 1

1C exp
✓
�⇡ `

2 � 27.M!/2
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◆ ⇡ 1
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c
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p
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The waves with ` < `
c

are absorbed by the black hole.
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Figure 4: The imaginary part of the phase shift. `
c

D 10.

The poles of the S-matrix is ⌫ D n; n D 0; 1; 2; � � � . Therefore, on the complex ` plane, 4

`
n

D 3
p
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✓
nC 1

2

◆
; n D 0; 1; 2; � � �

For ` ⇡ `
0

,

S.`/ ⇡ �ip
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1

` � .3
p
3M! C i=2/

and the residue of this pole is �
0

D �i=
p
2⇡ .

4The quasi-normal frequency is given by

!n D 1

3

p
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p
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✓
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◆
:
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poles in complex � plane (Regge pole)

Cauchyの積分定理を用いて評価

Stochastic signals from BH orbiting.tex 2014/8/22 Yasusada Nambu 7

�

�
1

�
2

�
3

�
0

m � 1

m  �1

Ci1

�i1

0
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Thus the second integral in (12) becomes
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The integral along the positive imaginary axis is
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and yields higher order contribution in the eikonal limit because the first integral gives O.!/ contribution. The contribu-
tion of the integral along the negative imaginary axis is also O.!0/. We ignore these terms. Thus,
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where
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n
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sin Œ⇡.�
n

� 1=2/ç :

The first integral represents the contribution of rays that reach the observer directly (primary rays m D 0). Using the
phase shift of the Coulomb scattering,6
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:

We neglect the contribution of O.1=
p
!/; these terms corresponds to effect of the Fresnel diffraction. The sum with

6To aquire more correct formula, we should employ the formula of the phase shift that reflects strong gravity.

不安定円軌道の存在により現れる
（QN modeに対応）
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The first integral represents the contribution of rays that reach the observer directly (primary rays m D 0). Using the
phase shift of the Coulomb scattering,6
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We neglect the contribution of O.1=
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!/; these terms corresponds to effect of the Fresnel diffraction. The sum with

6To aquire more correct formula, we should employ the formula of the phase shift that reflects strong gravity.
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respect to n can be evaluated as7
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Therefore, the amplification factor is
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The result can be summarized as the following formula:
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Although this formula has been derived with the assumption r
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> r , the resulting expression is symmetric under exchange
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(reciprocity of the Green function). We consider the source is near the black hole and the observer is sufficiently
far from the black hole (r � r

s

). Thus Qr ⇡ r
s

. As the impact parameter for the primary ray (m D 0) must be larger than
that of m ¤ 0 rays, we must require

p
4Mr

s

> 3
p
3M ) r

s

>
27

4
M ⇠ 6:8M:

The ratio of the coefficents is
jc
2

j
jc
1

j D
3

2
p
⇡

s
6M

r
s

⇥ ⇡e�⇡ ⇡ 0:1 ⇥
⇣ r

s

7M

⌘�1=2
:

3.3 image of black holes

We can reconstruct wave optical images of black holes using (13).

Figure 7: Image of the black hole for r
s

D 10M; r D1. Viewing angles are ✓ D 0:0; 0:05; 0:07; 0:1; 0:2 from the left to
the right panels.

7We again apply the Poisson sum formula and the leading contribution is kept.

X

m¤0

Z 1

0

d�
h
� � � S� � � �

i
D
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結局，BHによる散乱波は次のように求まる：

bE D
s

4Mrrs

r C rs
bc D 3

p
3M

jc1j ⇡
p

2⇡M! jc2j ⇡ 3
p

3⇡e�⇡

s

M 2!

✓
1

r
C 1

rs

◆

˚ ⇡ e
i!

⇣
1
r C 1

rs

⌘�1h
c1J0.bE !✓/ C c2J0.bc!✓/

i
primary wave winding wave
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Wave Optical Image of BH

✓ D 0:0 ✓ D 0:04

✓ D 0:05 ✓ D 0:07

M! D 800

ı D 0:03

rs D 10M
size of aperture

scattering waveのFourier変換

Einstein ring
photon sphere
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0 100 200 300 400
0

2

4

6

8

M w

»F2

θ=0.2　rs=7M
�!

�A

Power Spectrum

“beat” in the power spectrum

interference between           and          raysm D 0 m � 1

˚ D ˚0 C ˚mD1

⇠ 0:1j˚0j2
interference term

j˚ j2 D j˚0j2 C 2ReŒ˚0˚⇤
1 ç C j˚1j2

⇠ 0:002j˚0j2
intensity of 
winding ray j˚1j2 ⇠ e�2⇡ j˚0j2 ⇠ 0:0019j˚0j2

j˚1j ⇠ 0:04j˚0j

幾何光学での評価

BH

obs
b0

b1

m D 0

m D 1source

✓

�A

A
⇠ 0:1

⇣ rs

7M

⌘�1=2

�! D 2⇡

3
p

3M✓

✓r
rs

27M=4
� 1

◆�1

（sourceはwhite noise）
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0 100 200 300 400
0

2

4

6

8

M w

»F2

θ=0.2　rs=7M �!

�A

�!

�A=A

280kHz 28MHz

0.1 0.1 0.1

�!

✓ D 0:2

✓ D 0:02
2.8kHz 2.8MHz 280MHz

rs D 7M

106Mˇ

280Hz

103Mˇ 10Mˇ
galactic core BH intermediate mass BH steller mass BH

Power Spectrumに現れる「うなり」の振動数

0 1 2 3 4 5 6
-8

-6

-4

-2

0

2

4

6

t

R
e@FD

時間波形
Fourier変換
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パワースペクトルを用いた「BH shadow」の検証

f0f0 � �f =2 f0 C �f =2

10Mˇ
100Mˇ
500Mˇ

10Mˇ ⇠ 1000Mˇ に対しては可能？

検出可能なBHの質量上限値は周波数分解能で決まる

中心周波数

帯域幅

f0 D 100GHz

�f D 500MHz

周波数分解能 100kHz

野辺山45m
宇宙の観測II 電波天文学
中井・坪井・福井 （編）

参考：

質量下限値は帯域幅で決まる

測定可能性
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Summary
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● 散乱理論を用いたBH時空での波動の振舞い

● S functionのpoleの寄与：unstable orbit (QN mode)

● Schwarzschild BHに対する解析的表式

● image of BH

● power spectrumにおけるうなり
● unstable orbitの存在による干渉効果

● Kerr BHでの評価

● BH時空の観測的検証？

winding wave

● 現実のBH周辺環境
● クリーンでない（プラズマの影響），観測周波数で回避可？
● 光源の場所，運動の影響（disk）
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Lz < 0

Lz > 0

Lz < 0 Lz < 0

Lz > 0 Lz > 0

r0 D 3:998
r0 D 3:3 r0 D 3:0

r0 D 2:0 r0 D 1:2 r0 D 1:0521

a D 0:999Kerr BH：光の不安定円軌道

shadowの輪郭

BH spinの効果はどのような形でパワースペクトルに現れるか？

Lz < 0Lz > 0

（shadowの輪郭の形）
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